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Abstract
We show that the graphs with path-recursive period are the graphs with maximal
eigenvalue less than or equal to 2. This disproves a conjecture by Shi (Shi Ronghua,
Linear Algebra and Appl. 236 (1996) 181–187). Ó 1999 Elsevier Science Inc. All rights
reserved.
1. Introduction
The path polynomial Pnx is the characteristic polynomial of the path on n
vertices. The following theorem makes the path polynomials easy to calculate
recursively as a sequence.
Theorem 1.1 [4, p. 13]. For n P 2; Pnx  xPnÿ1x ÿ Pnÿ2x.
The maximal eigenvalue of a graph is the largest eigenvalue of the adjacency
matrix of the graph. We can classify some graphs by their maximal eigenvalue.
Theorem 1.2 [2, p. 314]. The only connected, simple graphs with maximal
eigenvalue less than or equal to 2 are those in Figs. 1 and 2.
Others have looked at properties of path polynomials evaluated at adja-
cency matrices of graphs. Beezer [3] showed that the only polynomials which
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produce a graph when evaluated at the adjacency matrix of a path are path
polynomials Pnx where n is odd. Bapat and Lal [1] investigated whether the
path polynomials evaluated at the adjacency matrix of a graph produce non-
negative matrices. They showed that the only graphs with adjacency matrix A
for which some path polynomials PkA have negative entries are those in
Fig. 1.
Shi [5] looked at recursive properties of the path polynomials evaluated at a
graph G when viewed as a sequence P1G; P2G; . . . Shi made the following
definition.
Definition 1.3 [5]. The path-recursive period of a graph G, with adjacency
matrix A, is the smallest m such that
Fig. 2. The graphs with maximal eigenvalue equal to 2.
Fig. 1. The graphs with maximal eigenvalue strictly less than 2.
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PmA  Pmÿ2A  2I 1
and
Pm1A  Pmÿ1A  A: 2
Shi found the path recursive period of all graphs with maximal eigenvalue
less than or equal to 2. Shi also made the following conjecture, to which this
paper responds.
Conjecture 1.4 [5]. A path recursive period exists for all trees and even for all
connected graphs.
We will show that this conjecture is false. In this note we show that the only
connected, simple graphs with a path recursive period are those in Figs. 1
and 2.
2. Graphs with path-recursive period
Define the cycle on n vertices, Cn to be the graph with vertex set
VCn  f0; 1; 2; . . . ; nÿ 1g and edge set ECn  ffi; i 1mod ng j 06 i6 nÿ 1g.
Let C be the adjacency matrix of Cn. We write the characteristic polynomial of
the cycle as vCn; x  detxI ÿ C. The following lemma expresses the char-
acteristic polynomial of the cycle in terms of path polynomials.
Lemma 2.1. The characteristic polynomial of Cn is vCn; x 
Pnx ÿ Pnÿ2x ÿ 2.
Proof. Define D  xI ÿ C. If we expand about the first row of D we get
vCn; x  xjD11j  jD12j  ÿ1n2jD1nj
 xPnÿ1x  jD12j  ÿ1n2jD1nj: 3
Now define E  D12 and expand about its first row to get
jD12j  jEj  ÿ1jE11j  jE12j
 ÿ1Pnÿ2x  jE12j: 4
When E12 is expanded about the first column it becomes ÿ1ÿ1nÿ21
times an nÿ 3  nÿ 3 lower triangular matrix with every diagonal entry
ÿ1 and so the determinant
jE12j  ÿ1nÿ1nÿ3  ÿ12nÿ3: 5
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Now expand about the first column of D1n to get
jD1nj  ÿ1jF j  ÿ1n1Pnÿ2x: 6
The matrix F is an upper triangular nÿ 2  nÿ 2 matrix with every
diagonal entry ÿ1 so
jF j  ÿ1nÿ2: 7
Combining (3)–(7) we get
vCn; x  xPnÿ1x ÿ 2Pnÿ2x ÿ 2: 8
Using Theorem 1.1, this becomes
vCn; x  Pnx ÿ Pnÿ2x ÿ 2:  9
Now we have our central results, which classify the graphs that have a path-
recursive period.
Theorem 2.2. If G is a connected graph with path-recursive period m then its
eigenvalues are a subset of the eigenvalues of the cycle Cm.
Proof. Let G be a graph with path-recursive period m. Then, by Definition 1.3,
the adjacency matrix A, of G, will satisfy
PmA  Pmÿ2A  2I :
Because this is a polynomial equation in A, the eigenvalues of A will satisfy
Pmx  Pmÿ2x  2
which becomes
Pmx ÿ Pmÿ2x ÿ 2  0: 10
By Lemma 2.1, the solutions of Eq. (10) are the eigenvalues of the cycle on m
vertices. Since the eigenvalues of A must satisfy (10) as well, they are also ei-
genvalues of the cycle Cm. 
Using this fact about the eigenvalues of a graph with path-recursive period
m, we can determine exactly which graphs have a path-recursive period. In
addition, this refutes Conjecture 1.4.
Theorem 2.3. The connected graphs that have a path-recursive period are pre-
cisely the graphs with maximal eigenvalue less than or equal to 2, and are dis-
played in Figs. 1 and 2.
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Proof. By Theorem 2.2 all graphs with path-recursive period m have eigen-
values which are also eigenvalues of the cycle Cm. The maximal eigenvalue of a
cycle Cm is 2 (Theorem 1.2), so the maximal eigenvalue of a graph that has a
path-recursive period is at most 2.
Shi showed that every graph with maximal eigenvalue less than or equal to 2
has a path-recursive period [5]. Thus the graphs of Figs. 1 and 2 are all of the
graphs with path-recursive period. 
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